ABSTRACT Voltage sag is one of the most common power quality disturbances in industry, which causes huge inrush current in the windings of induction motors, and adversely impacts the motor's secure operation. For better understanding of the operation and protection of induction motors, there is a need for a detailed research of the transient characteristics of induction motors during sag events. In this paper, we first proposed a novel 2-D multi-slice field-circuit-motion coupling time-stepping finite element method (2-D multi-slice FCM coupling T-S FEM) for calculating the transient performance of the induction motor with skewed rotor bars. In the proposed method, the equations of field, circuit, and motion are expressed in a nodal matrix and coupled together. Based on this method, we have analyzed the electromagnetic properties of a 5.5-kW induction motor with skewed rotor bars under symmetrical voltage sag conditions. Then, the influences of voltage sag's sag magnitude, phase-angle jump, and initial phase angle on the stator inrush peak currents of the 5.5 kW and a 55-kW induction motors is studied. Finally, the proposed method is compared with 3-D FEM, the traditional 2-D multi-slice FEM and the measured data. The results show that the proposed method can reduce the computation time significantly with high precision.
I. INTRODUCTION
Induction motors are widely used in many industrial processes such as mining, petrochemical, electric utility, power plants, aerospace and military applications that require high standards of reliability [1] - [3] . Power quality issues, such as voltage sag, harmonics, and overvoltage, may adversely affect the operation of induction motors and among which, voltage sag has become one of the most severe transient power quality problems [4] - [6] . Voltage sag is defined as a short-duration reduction in rms voltage at a certain point of the power system which can be caused by short circuits, overloads or starting of electric motors [7] - [9] . In a sag event, inrush current in the stator winding of motors can cause torque ripple, acoustic noise, temperature rising etc. In addition, such huge inrush currents can produce a large voltage drop in transmission lines and distribution transformers that further exacerbate the sag condition. Therefore, it is of great importance to study the influences of voltage sag on the transient characteristics of induction motors under the voltage sag condition, for the secure operations of the motor and its connected power grid.
There are existing literatures that use experimental and analytical methods to study the effect of voltage sags on operating performances of motors [10] - [13] . In [10] , an analytical approach is proposed to analyze the interaction between induction motors and voltage sags, which can assess the influence of induction motors on sag characteristics; in [11] , the induction motors' voltage sag characteristics at low voltage buses is studied by an analytical approach; in [12] , authors have studied the behavior of a standard three-phase 5.5 kW squirrel-cage motor by using an experimental method, and found that, in deep sag events, the motor's stator current peak value at the beginning and recovery point of the sag reach higher levels than the direct start inrush currents' values.
However, it generally challenging and expensive to study the transient performance of the induction motor rated 20 kW and higher by experimental methods. Moreover, the more detailed information of the sag transient, such as the transient electromagnetic field, cannot be obtained by both the existing experimental and analytical methods. Therefore, it is necessary to develop more efficient waveform-level simulation tools [14] that can accurately calculate the transient performance of induction motors with skewed rotor bars under voltage sag conditions in reasonable simulation time frames. Even though being computationally-efficient, the traditional 2D FEM cannot take the end-ring effect of three phase induction motor into account effectively [15] . T-S FEM solves this problem by introducing the resistance and inductance of the end-ring into the solving equations [16] , [17] .
Because it is capable of considering skin effect, nonlinear behaviors of magnetic materials, parameters' variations with terminal voltage, and the end-ring effect, FEM is an effective simulation method to analyze the transient characteristics of induction motors [18] - [21] . Nevertheless, the asymmetric rotor structure of the motor with skewed rotor bars makes the 2-D T-S FEM no longer applicable. 3-D FEM is an effective method to consider the asymmetric rotor structure [22] - [26] . In order to achieve high accuracy, dense mesh elements in the 3D model is needed, which result in high computational costs. As a solution for the above difficulties, the traditional 2-D multi-slice T-S FEM [27] , [28] is proposed. In the traditional 2-D multi-slice FEM, the effect of skewed slots is considered by dividing the induction motor into several layers and each layer can be seen as a 2-D FE model. But the traditional 2-D multi-slice FEM cannot accurately calculate the transient performance of the induction motor.
In this paper, we propose a new 2-D multi-slice FCM coupling T-S FEM for analyzing the transient voltage sag performance of induction motor with skewed rotor bars, in which the equations of field, circuit and motion are expressed in a coupled nodal matrix. The measured resistance and inductance of the transmission lines are included in the circuit equation to increase the accuracy of the proposed method. The outline of this paper is: 1) In Section II, the derivation process of the proposed 2-D multi-slice FCM coupling T-S FEM is discussed in details. 2) In Section III, based on the proposed method, we studied the electromagnetic properties of the induction motor under symmetrical voltage sag conditions. 3) In Section IV, we analyze the influences of voltage sag's sag magnitudes, phase-angle jumps and initial phase angles on the stator inrush peak currents of a 5.5 kW and a 55 kW induction motors by the proposed method. 4) In Section V, the proposed method is compared with 3D FEM, traditional 2-D multi-slice FEM and the measured data.
5)
In Section VI, we summarize this article according to the contents of the previous sections.
II. THE PROPOSED METHOD A. FIELD EQUATIONS
T-S FEM is suitable for analyzing the transient performances of induction motors in case of stator terminal voltage changes. The electromagnetic field equation [17] of a three-phase cage induction motor in 2-D Cartesian coordinates is:
where A is the nodal magnetic vector potential, J s is current density, µ is magnetic permeability, σ is the conductivity of rotor bar, and is the electric scalar potential.
B. CURRENT CONSTRAINT EQUATION
The rotor bar current and the stator winding currents of the cage induction motor should follow the current constraint equations [15] . For rotor bar currents, the current constraint equation is:
where R r is the resistance of rotor bar, I r is the rotor current, l motor is the axial length of the motor core, and S r is the rotor bars' section area. And for currents in the stator winding, the current constraint equation can be expressed as:
where R s is the resistance of stator in per phase and I s is the current of the stator winding in per phase. Then, (2) and (3) can be written as:
For each phase of the stator winding, the circuit equation is given as:
where U S is the terminal phase voltage of induction motor, R s is the per phase winding resistance, R Li is the measured resistance of transmission line, I s is the current of the stator winding per phase, L TL is the leakage inductance of end turn, L Li is the measured inductance of transmission line, and is the flux linkage of the stator winding per phase.
For the k th element in the conductor of the stator winding, the flux linkage can be expressed as:
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where N a is the number of parallel branches, N Snote is the number of nodes per slot, p is the number of pole-pairs, and q is the slots per pole per phase.
Combining (5) and (7), we can obtain the matrix equation of the stator circuit:
For cage induction motors, the currents in the rotor bars can be calculated by the Kirchhoff's current law, and the circuit diagram of the cage rotor is shown in Fig. 1 . The matrix equation of currents in the rotor bars is [28] :
Then, (8) and (9) can be written as:
The mechanical motion equation of an induction motor is:
where J m is rotational inertia, is rotor mechanical angular velocity, d /dt is angular acceleration, T e is the electromagnetic torque, T l is the load torque, θ is the angle of rotor position, and C f is the friction constant.
The electromagnetic torque can be calculated by the modified Maxwell stress method. In this method, the electromagnetic torque is determined by airgap flux density as [29] :
where µ 0 and g are the permeability and length of the airgap, respectively; A e and r e are the e th element's area and radius of the airgap, respectively; B gτ and B gn are the tangential and radial magnitudes of airgap flux density, respectively. In the mechanical motion equation, the electromagnetic torque can be defined as the function of A as:
where H is the coefficient matrix of electromagnetic torque in magnetic vector potential form.
E. FIELD-CIRCUIT-MOTION COUPLING EQUATION
Combining the field, current constraint, circuit and mechanical motion equations, the field-circuit-motion coupling equation is obtained. The matrix of the coupling equation for the field-circuit-motion is expressed as:
where D A is the matrix of the nodal vector magnetic potential's derivative terms in the field equation, C is the nodal vector magnetic potential's derivative terms in the current constraint equation, D is the nodal vector magnetic potential's derivative terms in the stator and rotor winding equation, K A is the field equation's stiffness matrix, K U is the stiffness matrix of the current constraint equation, and K I is the stiffness matrix of the stator and rotor winding equation.
F. 2-D MULTI-SLICE FIELD-CIRCUIT-MOTION COUPLING EQUATION FOR INDUCTION MOTOR WITH SKEWED ROTOR BARS
In order to take axial asymmetries of the skewed rotor bar into consideration, we divide the induction motor into several layers along the axial direction. Each layer can be treated as an induction motor with straight rotor bars. Therefore, the electromagnetic properties of each layer can be calculated by (14) . The equation of the proposed 2-D multi-slice FCM coupling T-S FEM is: 
III. THE ELECTROMAGNETIC PROPERTIES OF THE INDUCTION MOTOR UNDER SYMMETRICAL VOLTAGE SAG CONDITION
In this section, a 5.5 kW induction motor with skewed rotor bars is used to study the transient performance of induction motors with skewed rotor bars under symmetrical voltage sag conditions. The 5.5 kW induction motor's specifications are shown in Table 1 , and Fig. 2 shows its 2D finite element mesh. In the finite element model, the excitation terminal voltage waveforms of the 5.5 kW induction motor are the same as the measured ones.
A. MATHEMATICAL DERIVATION OF THE STATOR INRUSH CURRENTS AND MAGNETIC FLUX DENSITY UNDER VOLTAGE SAG CONDITIONS
The stator current and magnetic flux during the voltage sag process can be calculated by using formula (15) . The input parameters are voltage U and load torque T l . According to different study cases, load torque T l is adjusted to corresponding proportion (%) of rated load. Before and after the voltage sag, the voltage U can be expressed as:
where U s is the maximum voltage magnitude of power supply before or after the voltage sag; ω is stator angular velocity; t 1 is voltage sag starting time; t 2 is voltage sag recovery time.
In the process of voltage sag, the instantaneous voltage U can be expressed as:
where U s1 is maximum voltage magnitude of power supply during sag process; ϕ is phase angle jump.
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From the formula (15), we can obtain A and I s = [i A , i B , i C ] T . The peak current can be expressed as:
From A, we can obtain the distribution of magnetic flux B, which can be expressed as [30] :
where B is the magnetic flux.
B. THE MAGNETIC FLUX PATH OF THE INDUCTION MOTOR DURING VOLTAGE SAG PROCESS
Inrush current and electromagnetic torque fluctuations may occur during the voltage sag process. The waveforms of terminal voltage and stator current of the 5.5 kW induction motor, under the conditions of 85% rated load and 30% sag magnitude (the voltage magnitude is 30% of the rated value) condition are shown in Fig. 3 . It can be seen that inrush current's peak value at the initial moment of voltage sag (I P ) can reach 4 times of the rated current, while the peak value at the voltage recovery moment (I PP ) may reach 6 times of the rated current. Such large inrush current can cause severe saturation in the local position of iron cores, especially in the teeth top of the stator and the rotor. Fig. 4 (a) shows the magnetic flux under normal operation, and Fig. 4 (b) shows the instantaneous field at the moment after half cycle since the voltage sag happens. It can be seen that the flux mainly exists in the leakage magnetic path during the sag process, and the most saturated area is the tooth top of the rotor and the stator, while yoke areas (especially the stator yoke where little flux line exists) experience non-saturation. 
C. THE DISTRIBUTION CHARACTERISTICS OF MAGNETIC FLUX DENSITY AND ROTOR BAR CURRENT DENSITY
Due to magnetic field distortion and skin effect, the distribution of magnetic flux density in the motor core and current density in the rotor bar is extremely inhomogeneous during the sag process. The magnetic flux density distribution and rotor bar current density distribution of a 5.5 kW induction motor with 85% rated load under voltage sag conditions and normal operations are shown in Fig. 5 -Fig. 8. From these figures , it is observed that the magnetic flux density distribution at half cycle since the voltage sag (30% sag magnitude) and normal operation of the 5.5 kW induction motor with 85% rated load is shown in Fig. 5 and Fig. 6 , respectively. It can be concluded that: 1) After half cycle duration since the voltage sag happens, the flux density's magnitudes on the stator and rotor tooth top regions is obviously higher than that on the yoke regions. For example, as shown in Fig. 5 , the flux density in the rotor tooth top areas can be higher than 2.7 T, while most yoke regions' flux density is less than 0.5 T. 2) Under normal operation, the distribution of magnetic flux density in the motor core is relatively homogeneous. For example, as shown in Fig. 6 , the flux density in mostly saturated areas is about 2.1 T. The rotor bar current density distribution after half cycle since 30% voltage sag and normal operation of the 5.5 kW induction motor with 85% rated load is shown in Fig. 7 and Fig. 8 , respectively. It can be concluded that: 1) Due to skin effect, the current density in the rotor bar's top areas far outweighs the rotor bar's middle and bottom areas. For example, as shown in Fig. 7 , the current density of the rotor bar top areas is higher than 3.5 × 10 7 A/m 3 , but the current density in most areas of the rotor bar middle and bottom regions is lesser than 0.8 × 10 7 A/m 3 . 2) The current density on the rotor bar top regions after half cycle since the voltage sag is obviously higher than that at normal operation. For example, as shown in Fig. 7 and Fig. 8 , the current density of the rotor bar top areas can reach 4.1 × 10 7 A/m 3 , after half cycle since the voltage sag; however, under normal operation, the current density is less than 1 × 10 7 A/m 3 .
IV. THE INFLUENCE OF VOLTAGE SAG ON THE PEAK VALUES OF INRUSH CURRENT A. INFLUENCE OF SAG MAGNITUDE ON THE PEAK VALUES OF INRUSH CURRENT
During a voltage sag event, the rms voltage drops to 10 to 90 percent of the nominal value and lasts for half cycle to one minute. Voltage sags are different in magnitudes, durations, phase-angle jumps and initial phase angles [21] , [31] . According to statistics, most voltage sags last four to ten cycles, and have phase-angle jumps ranging from −60 • to 10 • [32] . For the 4 to 10 cycle duration, sag duration mainly affects the recovery point of the voltage sag, the study of which is similar to the initial phase-angle study. Therefore, with the 5.5 kW and 55 kW induction motors at no-load or 85% rated load conditions, this paper focuses on studying sag magnitude, phase-angle jump and initial phase angle's influences on stator transient currents' peak values under symmetrical voltage sag conditions. To study the influence of sag magnitude on inrush currents' peak value, it is necessary to avoid the phase-angle jump and set the initial angle of phase A voltage to 0 • and the sag duration to 100ms, such that the sag magnitude is the only parameter under evaluation. The inrush current peak values' change with sag magnitude is shown in Fig.9 . It is shown that 1) Both the peak current I P and the peak current I PP increase almost linearly with increasing magnitudes. 2) The load conditions have little influence on peak currents' magnitudes. As shown in Fig. 9 , for deep sag event (the sag magnitude is larger than 50%), the peak current I P at load condition is slightly lower than the one at the no-load condition, while the peak current I PP at load condition is slightly higher than the one at the no-load condition. VOLUME 6, 2018 
B. INFLUENCE OF SAG ANGLE JUMP ON THE PEAK VALUES OF INRUSH CURRENT
To study the influence of phase-angle jump on the peak values of inrush current, it is necessary to keep the voltage magnitude constant, and set the initial phase angle of phase A voltage to 0 • and the duration to 100ms, while only the phase angle jump is changed. To represent a realistic sag situation of the grid, this paper focuses on sag phase-angle jumps from −60 • to 10 • . The variation of the peak values of inrush current with the phase angle jump is shown in Fig.10 . It can be seen that:
1) The phase angle jump results in a large peak current. In some situations, the inrush current is even larger than that caused by deep sag event. With the 5.5 kW motor, I P_noload , I PP_noload , I P_load and I PP_load are 71.4 A, 79.3 A, 70.1 A and 83.5 A, respectively, when sag magnitude is 10%, as shown in Fig.9 (a) ; and I P_noload , I PP_noload , I P_load and I PP_load are 102.2A, 83.6A, 93.7A and 90.0A, respectively, when phase-angle jump is −60 • , as shown in Fig.10 (a) . 2) The peak values of inrush currents almost increase linearly with phase angle jump, and the peak values of inrush current vary within 10% at load and no-load conditions, as shown in Fig. 10 . 
C. SAG INITIAL ANGLE'S INFLUENCE ON THE PEAK VALUES OF INRUSH CURRENT
To study the influence of sag initial phase angle on the peak values of inrush current, it is necessary to avoid the phase angle jump, and set the sag duration to 100ms and the sag magnitude to 30%. The initial phase angle of phase A is the only variable under consideration. The variation of inrush currents' peak values with different initial phase angles is shown in Fig.11 . It can be seen that initial phase angles result in little change in the peak values of inrush current, for both the 5.5kW and the 55kW motor, and the variations range of the peak values of inrush current with changing initial phase angle are within 10%.
V. EXPERIMENTAL VERIFICATION A. TEST BENCH
To verify the above analysis, we perform corresponding experiments on the 5.5kW motor. Chroma 18600 programmable power source with 60kVA rated power is used to generate voltage sag waveforms. The test bench is shown in Fig. 12 . Power analyzer is used to measure the operating performance under steady-state conditions. A torque transducer is used to measure the transient torque and speed, and 47042 VOLUME 6, 2018 steady-state torque and speed can be read directly from the torque meter. Meanwhile, the transient waveforms, such as stator current, terminal voltage, torque and speed during the voltage sag process, can be recorded by the oscilloscope.
B. COMPARISON OF THE 3D FEM METHOD, THE TRADITIONAL 2D MULTI-SLICE FEM METHOD AND THE PROPOSED METHOD
A numerical simulation computer (two Xeon E5-2690 v3 CPU, 256 GB RAM) is used to do the computation. The traditional and proposed 2D multi-slice FE model of the 5.5 kW induction motor has 6 slices and each slice has 32406 elements (triangle). The 3D FE model of the 
kW induction motor has 96064 elements (tetrahedron).
With 50% sag magnitude and no-load condition, the measured current waveform, the current waveform calculated by the traditional 2D multi-slice FEM method (Method A) [28] , the current waveform calculated by the 3D FEM method (Method B) and the current waveform calculated by the proposed method (Method C) of 5.5 kW induction motor are showed in Fig.13 . It can be seen that, compare with the traditional method, the calculated current waveform by using the proposed method and the 3D FEM method are more similar with the measured waveform, which results in proofs that the proposed method can accurately calculate the transient parameters of the motors under voltage sag condition. Taking the peak current as an example, the relative error of the voltage recovery moment (I PP ) calculated by the method A is 26.3%, while that calculated by the method B and the method C are 2.3% and 2.1%, respectively. The comparison of simulation time is shown in Table 2 . From Table 2 , it can be seen that the proposed method can reduce 93.3% computation time than the 3D FEM method. So, it can conclude that the proposed method can reduce the computation time significantly with high precision.
C. EXPERIMENTAL VALIDATION
In the 5.5 kW induction motor, under 85% rated-load condition, the variation of the measured and calculated peak currents, with different voltage sag magnitudes and phase angle jumps, are shown in Fig.14 . It can be concluded that, with the 5.5 kW induction motor operated under 85% ratedload condition, the measured and calculated peak values show good agreement, under different sag magnitudes and phase-angle jumps conditions, which means the proposed 2-D multi-slice FCM coupling T-S FEM is a good waveformlevel simulation tool that can provide complete and accurate information of the transient performance characteristics and the results conclusion brought forth on section IV is proved.
VI. CONCLUSION
In this paper, we have proposed a 2-D multi-slice FCM coupling T-S FEM for calculating the transient performance of induction motors with skewed slots. By representing the motor as a pile of slices axially, the skewed rotor bar is modeled accurately. Besides, the equations of motor's field, circuit and motion are expressed in a nodal matrix and coupled together in the proposed method. To increase accuracy, the measured resistance and inductance of the transmission lines are included in the circuit equation. Then we have analyzed the electromagnetic field of a 5.5 kW induction motor with skewed slots. The effects of sag magnitude, phase angle jump, and initial phase angle on the stator inrush peak currents of the 5.5 kW and a 55 kW induction motors are investigated. Finally, the proposed method is compared with 3D FEM, traditional 2-D multi-slice FEM and the measured data. The results show that the proposed method can reduce the computational burden significantly with desirable accuracy. 
